MODERN EUCLID BOOK VI
SIMILARITY
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ABSTRACT. This installment sets out the basis for numerical area, and the
area of a triangle. The algebraic formula for area may be used to shorten some
of Euclid’s arguments. This document creates a modern synopsis of his first
four propositions from Book VI, which is as far as we need to go to arrive at
the main result on similar triangles.

1. INTRODUCTION

Modern Definition 1. Two triangles are similar if there is a correspondence
between their vertices such that corresponding angles are congruent.
The notation AABC ~ ADFEF means that AABC is similar to ADEF, with
the vertices corresponding as indicated, so that:
e /ABC = /DEF,
e /JACB = /DFE, and
e /BAC = LEDF.

Notice that Euclid’s Definition 1.20 says that an equilateral triangle is one in
which all three sides are of the same length, and one would think that an equian-
gular triangle would be one in which all the angles are equal, which would in turn
imply that the triangle is equilateral. However, in Book VI, Euclid uses the phrase
equiangular triangles to indicate a pair of triangles in which corresponding angles
equal each other; that is, ones which we would call similar. Euclid’s Definition
VI.1 says that similar triangles “have their angles severally equal and the sides
about equal angles proportional”. Our goal is to prove that equal angles imply
proportional sides.

Modern Proposition 1. Angle-Angle Similarity (AA)

If two triangles have a correspondence between their vertices such that two pairs of
corresponding angles are congruent, then so is the third pair, and the triangles are
simaelar.

Proof. The measure of the third angle is 180° minus the measure of the sum of the
measures of the other two angles. Since this sum is the same in the case of the two
pairs of corresponding angles, the angles in the third pair of corresponding angles
must also be equal. O

We wish to prove the Modern Similarity Theorem, which says that given a pair
of similar triangles, the ratios between the corresponding sides are equal. We will
follow Euclid’s path to do so, but will rephrase some of his proofs to use algebra.
First, we review some of Euclid previous theorems.
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2. AREA FROM BOOK I

In a plane, there exists a real number which is the distance between any two
points. Let d(A, B) denote the distance from point A to point B. Distance satisfies
these properties.

(D1) Positive Definiteness: d(A,B) >0, and d(A, B) =0 if and only if A = B
(D2) Symmetry: d(A,B) =d(B, A)
(D3) Triangle Inequality: d(A,B) +d(B,C) > d(A,C)

The distance from a point to a line is the shortest distance. This is equal to the
length of the segment which is perpendicular to the line, from the line to the point.

How do we discuss area in a plane? Let us begin with this definition.

Modern Definition 2. The area of a rectangle is the product of the length of two
adjacent sides. That is,

A = bh,
where b is the length of any chosen side, called the base, and h is the length of
either adjacent side, called the height.

The area of an another plane region can be obtained by showing its relation to
a rectangle. Recall these propositions from Euclid Book I.

Euclid Proposition 1.34. A diameter of a parallelogram bisects the area.

Euclid Proposition 1.36. Parallelograms which are on equal bases and in the
same parallels are equal to one another.

Modern Proposition 2. The area of a parallelogram is

A = bh,
where b is the length of a side called the base, and h is the distance from the opposite
side to the base, called the height.

Proof. Given a parallelogram with base of length b, their exists a rectangle on this
base in the same parallels, whose area is bh. By Prop 1.36, the parallelogram has
the same area. (]

Now we move on to triangles.

Modern Definition 3. A base of a triangle is any one of its sides, or, is the length
of a side also called the base.

The height of a triangle with given base is the distance from the vertex opposite
the base to the line through the base.

Modern Proposition 3. The area of a triangle is one-half of the base times the
height; that is,
1
A = =bh.
2

Proof. Consider a triangle AABC with base BC, so that b = BC. Let h be the

distance from A to .
Suppose that mZCBA > m/BCA. The line through C parallel to j@, and the

line through A parallel to %, intersect in a point; call this point D. Then ABC D
is a parallelogram of base b and height h, so its area is bh. By Euclid Prop 1.34,

1
the triangle is half of this area, so the area of the triangle if ibh' O



3. RATIOS FROM BOOK V
We directly interpret Euclid’s ratios as modern fractions. That is, we take ratios
to generally mean ratios of numbers, or magnitudes with the same units (so that
a
the units cancel). Therefore a : b :: ¢ : d translates to — = —.

With this in mind, and using algebra which was not available to Euclid, we now
rephrase and reinterpret some of the propositions from Book V which are used by
Fuclid in Book VI. These propositions are used in FEuclid’s proofs of Propositions
V1.2, 3, 4.

Euclid Proposition V.9. Magnitudes which have the same ratio to the same are
equal to one another.

Modern proof. This means that if r_ y7 then x = y. This is obtained via algebra
a a
by multiplying both sides by a. O

Euclid Proposition V.11. Ratios which are the same with the same ratio are
also the same with one another.

Modern proof. This says that

a ¢ c e a e

if -=- and -=- the - =

Ty Ta M oaT T Yy T T
When ratios are phrased as fractions, this is simply the transitive property of equal-
ity (Euclid Common Notion 1). O

Euclid Proposition V.16. If four magnitudes be proportional, they will also be
proportional alternately.

Modern proof. This means

b
This is obtained by multiplying both sides by —. [
c

Euclid Proposition V.22. If there be six magnitudes which taken two and two
together are in the same ratio, they will also be in the same ratio ex aequali.

Modern proof. This means that

a c b d a d
p=a ™ =0 T LTF
To see this, multiply the first equation by the second to get
ab  cd
b de’
Now cancel the b’s on the left and the d’s on the right to get
a ¢
c e



4. BookK VI PROPOSITIONS 1 - 4

Euclid Proposition VI.1. Triangles which are under the same height are to one
another as their bases.

Modern proof. Let triangle 1 and triangle 2 be triangles with areas A;, A and bases

b1, ba, respectively. We wish to show that
A b
Ay by
Let h be the common height. Then

1 1
Al = §b1h and A2 = §b2h

Then h = % and h = % From this, % = % Divide both sides by 2,
by ba by ba )
b
divide both sides by A, and multiply both b; to arrive at A—l = b—l (Il
2 2

Fach of Euclid’s Propositions VI.2 and V1.3 are presented as if and only if state-
ments. We will prove each direction of implication separately. The converse of
Euclid Proposition VI.4 is presented by Euclid in Proposition VI.5. We will use
what are essentially Euclid’s proofs, presented in two-columns and using some al-
gebra to simplify the presentation where appropriate.



Euclid Proposition VI1.2a. If a straight line be drawn parallel to one of the sides
of a triangle, it will cut the sides of the triangle proportionally.

Proof. Let AABC be given. Let D be a point on AB and E a point on AC such

that DE || BC.
A
D E
B c
We wish to show that
AD _AE
BD CE’
Join DC and EB.
Claim Reason
DE || BC Given

ADEB and ADEC share a common base

Let DE be the common base

ADEB and ADEC share a common height

Let DE to BC be the common height

area(ADEB) = area(ADEC)

ADEB and ADEC have the same base and height

AADE and ADEB share a common height

Let the line parallel to AB through E produce the height

area(AADE)  AE
area(ADEB) ~ CE

Prop VI.1: AADE and ADEB share a common height

AADE and ADEC share a common height

Let the line parallel to AC' through D produce the height

area(AADE)  AD . i
m = %D Prop VI.1: AADFE and ADEC share a common height
area(AADE)  AD e _

m = 5D Substitution: area( ADEC) = area(ADEB))

AD AFE .

30 = TF Common Notion 1




Euclid Proposition VI.2b. If a straight line be drawn parallel through a triangle
such that the sides of the triangle are cut proportionally, the line joining the points
o section will be parallel to the remaining side of the triangle.

Proof. Let AABC be given. Let D be a point on AB and E a point on AC such
AE

that A—D = —
“AB T CE
A
D E
B c
We wish to show that -
DE || BC.
Join DC and EB.
Claim Reason
AD _ AB G
AB = CE 1ven

ANADE and ADEB share a common height | Let the line parallel to AB through E produce the height

area(AADE) AE ) .
m = CF Prop VI.1: AADE and ADEB share a common height

ANADE and ADEC share a common height | Let the line parallel to AC' through D produce the height

area(AADE)  AD ’ '
m = BD Prop VI.1: AADE and ADEC share a common height
area(AADE) AD o

arel ADEB) _ BD 3 : ADEC) = ADEB
arca(ADEB) _ BD Substitution: area( C) = area( ))
area(AADE)  area(AADE) )

area(ADEB) — area(ADECQ) Common Notion 1

area(ADEB) = area(ADEC) Algebra

ADEB and ADEC share a common base Let DE be the common base

DE | BC Prop 1.39: Same area and base imply same parallels

O



Euclid Proposition VI.3a. If an angle of a triangle be bisected and the straight
line cutting the angle cut the base also, the segments of the base will have the same
ratio as the remaining sides of the triangle.

Proof. Let AABC be given. Let D be a point on BC such that AD bisects ZBAC.

E

‘We wish to show that

BD _ AB
CD AC’

Let E be the point of intersection of @ and the line through C parallel to AD.

Join AF and CE.

Claim Reason

AD | CE Construction
BD AB

AD bisects ZBAC | Given

/BAD = /CAD

Definition of bisect

/ACE = /CAD

Prop 1.29: Alternate Interior Angles

/ACE =~ /BAD

Common Notion 1

/BAD = /BEC

Prop 1.29: Consecutive Angles

LACE = /BEC

Common Notion 1

AC = AE Prop 1.6: Converse of Base Angle Theorem
BD AB e
D~ 4AcC Substitution into Row 2




Euclid Proposition VI.3b. If an angle of a triangle is cut by a straight line
which cuts the base also, and the segments of the base have the same ratio as the
remaining sides of the triangle, the straight line joined from the vertex to the point
of section will bisect the angle of the triangle.

BD AB

Proof. Let ANAB iven. Let D i BC such that —— = ——.
roof. Let C be given. Let D be a point on BC such that D~ AC

AD.

Join

We wish to show that

/BAD = /CAD.
Let E be the point of intersection of /@ and the line through C parallel to AD.
Join AE and CE.

Claim Reason

AD | CE Construction

BD AB

D~ AE Prop VI.2

BD _ AB G

D~ AC iven

AC = AE Common Notion 1 and Prop V.9

LACE = /BEC Prop I.5: Base Angle Theorem

LACE = /CAD Prop 1.29: Alternate Interior Angles

/BEC = /CAD Common Notion 1

/BAD = /BEC | Prop 1.29: Consecutive Angles

/BAD = /CAD Common Notion 1

AD bisects ZBAC' | Definition of bisect




Euclid Proposition VI1.4. In similar triangles the sides about the equal angles
are proportional.

Proof. Given similar triangles, position them so that they share a point, as follows.
Let AABC and ADCE be given, with AABC ~ ADCE. Join AD.

F

We wish to show that
AB CD

BC CE’
Let F be the point of intersection of jﬁ and the line through C parallel to AD.
Join AF and CF.

Claim Reason

/ABC =~ /DCE Given

DC | BF Prop 1.28: Consecutive Angles
/ZACB = /DEC Given

AC | EF Prop 1.28: Consecutive Angles

Quadrilateral ACDF is a parallelogram | Definition of parallelogram

AF =CD Prop 1.34 + Row 5
AB BC

AF — CEH Prop VI.2 4+ Row 4
AB  BC s

D= CE Substitution

AB CD

BC = CE Prop V.16

Analogously, the other pairs of sides about equal angles are proportional. [
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Modern Proposition 4. Triangle Similarity Theorem If NABC ~ ADEF, then
AB AC  BC
DE ~ DF  EF’

Proof. From Euclid Proposition VI.4, we have

AB_DE AB_DE . AC_DF
AC ~ DF’ BC _ EF ™ BCT EF
AB  AC
Apply Euclid V.1 he firs i —_— = .
pply Euclid V.16 to the first equation to get DEAB DFBC
Apply Euclid V.1 he s i —_— = .
pply Euclid V.16 to t esecond;z;gatw;éo get DE -~ EF
Appl Notion 1 —_— = . |
pply Common Notion 1 to get DF = BF
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